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Abstract

This paper discusses an empirical conjecture originally formulated in September
2013 concerning the distribution of twin primes in relation to OEIS sequence
A051451. The conjecture asserts that, for every n > 2, there exists a twin prime
pair (p,p + 2) with p < a(n) such that (a(n) + p, a(n) + p + 2) is again a twin
prime pair. Furthermore, an empirical sub-exponential upper bound for the
minimal prime p is proposed and analyzed. We report an extended probable-prime
verification up to n = 1000, finding no counterexample and including a numerical
analysis of the tightest cases and the observed margins below the proposed
envelope. The conjecture is analyzed in the framework of Schinzel’s Hypothesis H,
the Hardy-Littlewood prime k-tuple conjecture, and the Bateman—Horn heuristic.

1 Introduction

This paper investigates a restricted twin prime problem. Let
b(m) =lem(1,2,...,m)

be the usual least-common-multiple sequence. We write a(n) for the n-th distinct value
assumed by b(m), that is for the OEIS sequence A051451 [1]. Equivalently, if g, denotes
the n-th prime power, with 1 included as the first value, then

a(n) =b(q,) =lem(1,2,...,q,).

Thus repeated values of b(m) are omitted. For example, b(5) = b(6) = 60, but the value
60 occurs only once in A051451. The first terms are

a(n) = 1,2, 6,12, 60,420, 840, 2520, 27720, 360360, . . . .

In September 2013, the following conjecture was formulated and later recorded in
OEIS [2, 1].



Conjecture 1. For every index n > 2, there exists a twin prime pair (p,p + 2) with
p < a(n) such that (a(n) +p,a(n)+p+ 2) is also a twin prime pair.

The condition p < a(n) is retained from the original formulation. In the computed
range it is restrictive only for the smallest indices; from n = 10 onward, the empirical
bound considered below is already far smaller than a(n).

Additionally, an empirical upper bound for the minimal prime p was proposed in
the original computation [2]. In the present notation this bound is written as

p < eVrteo co = 4.022931736 . . . .

In the original 2013 formulation, the numerical constant ¢y, was written as log, 100. No
theoretical significance is attached here to this particular representation. Throughout
the paper, log denotes the natural logarithm.

n oaln)
3 6 5
4 12 5
5 60 11
6 420 11
7 840 17
8 2520 29

9 27720 17
10 360360 149

Table 1: The first eight values satisfying Conjecture 1.

This conjecture was empirically verified in the original computation for all values
up to n = 200, a point where a(200) is an integer comprising 449 decimal digits. Even
when a(n) is large, the corresponding minimal prime p can remain comparatively small
[2]. The present computation extends the verified range to n = 1000. The full output is
available on the author’s homepage [8].

2 Number Theoretic Context

The computational data can be interpreted in terms of prime constellations and their
associated local factors.

2.1 Prime Constellations and Hypothesis H

For fixed n, Conjecture 1 demands the simultaneous primality of the four linear polyno-
mials

hp)=p,  flp)=p+2,  fsp)=p+aln),  filp)=p+an)+2.
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Equivalently, it asks for prime values represented by the translated pattern
H, ={0,2,a(n),a(n) + 2}.

The relevant local obstruction is admissibility. For n > 2, the integer a(n) is even
and divisible by 3. Hence all four elements of H,, are congruent to 0 modulo 2, and
modulo 3 the tuple occupies only the residue classes 0 and 2. For every prime ¢ > 5,
the tuple has only four elements and therefore cannot occupy all residue classes modulo
g. Thus no prime modulus blocks the simultaneous primality of the four forms.

Schinzel’s Hypothesis H predicts that such an admissible system of irreducible linear
polynomials assumes prime values simultaneously for infinitely many integers p [3].
In this sense, the conjecture is compatible with the standard general conjectures on
prime-producing polynomial systems. Hypothesis H, however, only predicts infinitude
for each fixed n. It does not by itself explain why the first suitable value of p should be
small.

2.2 The Hardy-Littlewood Singular Series

The expected density of prime constellations is governed heuristically by the Hardy—
Littlewood prime k-tuple conjecture and, more generally, by the Bateman—Horn conjec-
ture [4, 5]. A critical component of this density estimate is the singular series S(H,)
for

H, ={0,2,a(n),a(n) + 2}.

It is given formally by
1 — v@

q prime (1 — l)

q

where v(q) denotes the number of distinct residue classes modulo ¢ occupied by the
elements of H,,.

The defining feature of A051451 is the high divisibility of its terms by small prime
powers. Consequently, for many small primes ¢ one has

a(n) =0 (mod q).

For such primes, the two translated pairs {0,2} and {a(n), a(n) + 2} coincide modulo ¢,
so that the tuple occupies only the residue classes 0 and 2 modulo g. Thus v(q) = 2
rather than the generic value 4 for these local moduli.

For a prime ¢ > 5 dividing a(n), the corresponding local factor is therefore



Compared with the generic case v(q) = 4, the gain in the local factor is
1—

2
¢ _ 12
1 =
-2 q—4
For the first few primes this gives
5 9
=5:3 =7: = =11: —.
q ) q 3’ q 7

This illustrates quantitatively why divisibility of a(n) by small primes increases the
expected density.

In the concrete case a(5) = 60, the tuple {0,2,60,62} occupies only the residue
classes 0 and 2 modulo 5. Hence v(5) = 2. This reduction of v(q) increases the local
factor in the singular series and therefore raises the expected density of admissible prime
quadruplets. Thus the terms of A051451 give rise to large local density factors.

3 Analysis of the Upper Bound

The proposed upper bound
p<eViteo ey =4.022931736...

is an empirical upper envelope for the computed values. Reordering the inequality gives

log(p) — v/n < co.

It is convenient to measure the remaining distance to the proposed bound by
M(n) =co— (logp - \/ﬁ)

The proposed inequality is therefore equivalent to M (n) > 0.
For the original range 3 < n < 200, statistical analysis of the experimental data
gives
200
@ n=3

Equivalently, the average margin below the proposed envelope is approximately

(logp — \/ﬁ) ~ 0.6728.

co — 0.6728 ~ 3.3501.
The tightest case in this range occurs at n = 35, where p = 20507 [2]|. Here,
log(20507) — v/35 ~ 4.0124,

and hence
M (35) =~ 0.0105.

The proposed envelope is not a theorem.



4 Extended Computation up to n = 1000

The computation was extended from the previously verified range n < 200 to n < 1000.
For every
3 <n <1000,

a prime p satisfying the required twin prime conditions was found within the proposed

bound
p < exp(\/ﬁ+ co).

No counterexample occurred in this range, subject to the probable-prime nature of the
primality tests described in the Appendix. The final entry of the computation is

n=1000, p=>5436467,  M(1000) ~ 20.1371,

while a(1000) has 3250 decimal digits [8]. Throughout the computed range, the largest
observed value of p(n) is still below 3.1 - 10%. Thus the data suggest that log p(n) grows
much more slowly than loga(n) in the tested range.

Table 2 summarizes the numerical behavior in blocks of indices. The column
“minimum margin” gives the smallest observed value of M (n) in the corresponding range,
and the next column records where this minimum is attained. The column “average
margin” gives the average value of M (n) over that range.

The margins become substantially larger for larger n. In the block 901 < n < 950,
the smallest margin is already 15.4244, attained at n = 914. In the block 951 < n < 1000,
the smallest margin is 15.7846, attained at n = 960. Thus the final two blocks in Table 2
are far from the proposed envelope.

At the opposite end, the largest margin in the computed range occurs at

n=0991,  p=360947,  M(991) ~ 22.7066,

where a(991) already has 3215 decimal digits. This illustrates that the minimal prime
p(n) may remain very small even when the translation parameter a(n) is large.

Table 3 lists the tightest cases in the full range 3 < n < 1000. The case n = 35
remains the tightest case. In fact, all ten tightest cases still occur for n < 100.

Over the full range 3 < n < 1000, the average value of

logp —v/n

is approximately

—6.7493.

Equivalently, the average margin below the empirical bound is approximately
10.7723.

Compared with the original 2013 range 3 < n < 200, whose average margin is about
3.3501, this is substantially larger. Thus the extension from the original computation to
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Range of n min. margin at n avg. margin largest observed p digits of a(n)
3<n <50 0.0105 35 2.7929 20507 1-66
51 <n <100 0.3894 51 2.3744 317087 69-178
101 < n <150 1.2230 123 3.5577 1339691 181-310
151 <n <200 1.7139 155 4.6530 3829139 313-449
201 <n <250 3.3440 203 6.0734 7045109 452-599
251 <n <300 4.2157 286 6.6919 18232649 602757
301 < n <350 5.5506 306 8.6086 11167727 760-917
351 < n <400 6.4738 356 8.8572 16023101 920-1075
401 < n < 450 7.2226 426 9.9880 37510157 1079-1245
451 < n <500 8.2409 452 10.8514 25249241 1248-1416
501 < n <550 9.3982 516 11.3829 47859101 1420-1592
551 < n <600 10.3365 590 12.3595 64122197 1595-1769
601 <n <650 10.6637 602 13.2141 88016231 1773-1947
651 < n <700 12.2566 651 14.3258 49387757 1949-2127
701 <n <750 12.5226 732 14.7741 114472409 21302308
751 < n <800 13.0829 769 15.1431 128424089 2312-2496
801 < n < 850 13.7621 822 16.4516 171268037 2499-2684
851 <n <900 15.1510 860 17.3640 125269607 26882869
901 <n <950 15.4244 914 17.4627 179200589 2873-3057
951 < n < 1000 15.7846 960 18.1997 304920167 3060-3250

Table 2: Blockwise numerical summary for the extended computation up to n = 1000.

n = 1000 strengthens the computational evidence for the conjecture, but it also changes
the interpretation of the constant ¢y. In the tested range, this constant appears less like
a permanently sharp threshold and more like an empirical envelope whose sharpness is
governed by a small number of early exceptional values, especially n = 35.

For comparison, we also record a descriptive polynomial comparison curve for the
computed data. Over the range 100 < n < 1000, the sharper empirical estimate

p(n) < exp(yv/n + 2.8)

still holds, with the tightest case occurring at n = 123, where the logarithmic margin
below this sharper comparison curve is about 8.5 - 107°. Moreover, throughout the full
tested range 3 < n < 1000 one has the simpler empirical bound

p(n) < 0.8n3.

The curve 0.8n3 is included only as a graphical comparison curve for the computed
data. No conjectural significance is attached to this particular coefficient or exponent.
The largest prime p found in the range 3 < n < 1000 occurs at

n=98,  p=304920167,  M(986) ~ 15.8880.



rank n p  M(n) p/exp(v/n+co)

1 35 20507 0.0105 0.9896
2 30 10499 0.2411 0.7858
3 51 47807 0.3894 0.6775
4 72 164999 0.4945 0.6099
5 71 109829 0.8424 0.4307
6 85 223757 0.9242 0.3968
7 56 37781 0.9667 0.3803
8 93 317087 0.9997 0.3680
9 55 31847 1.0704 0.3429
10 53 27107 1.0955 0.3344

Table 3: The ten tightest cases for the proposed upper bound in the range 3 < n < 1000.

Thus the largest absolute value of p is not the same as the tightest normalized case.
The bound is controlled by logp — v/n, not by p alone. This is consistent with the
singular-series heuristic: as n grows, the terms a(n) contain more small prime powers,
and the local overlap of the pairs {0,2} and {a(n),a(n) + 2} modulo small primes
increases the expected density of suitable prime quadruplets.

A computational refinement

The preceding computation used a direct search over prime offsets p, with a first check
that p 4+ 2 is also prime. A simple reformulation of the terms a(n) suggests a more
economical variant for larger ranges.

Let ¢, be the n-th prime power and let P, be the largest prime not exceeding g,.
Since a(n) = lem(1,...,¢,), the number a(n) is divisible by every prime ¢ < P,. Hence

a(n) = ¢, P,#,

where P,# = [[,<p, ¢ is the primorial and ¢, contains the additional prime-power
contributions. More explicitly, if

er(n) = max{e : (¢ < q,},

then
Cn = H geem)—1,

(<P,

For example,
a(155) = 404779703328000 - 7394,

and
a(377) = 1914465732943006925345664000 - 2297# .

These factorizations are much shorter than the corresponding decimal expansions, since
a(155) already has 322 decimal digits and a(377) has 1000 decimal digits.
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The same observation also explains a useful sieving effect. If (p,p + 2) is a twin
prime pair with p > P,, then for every prime ¢ < P, one has

a(n)+p=p (mod ), an)+p+2=p+2 (mod?).

Since p and p + 2 are primes and p > P,, no prime ¢ < P, divides either p or p + 2.
Hence such small primes cannot divide either a(n) + p or a(n) + p + 2. In a search
beyond the present range, it is therefore natural to traverse precomputed twin-prime
offsets (p, p + 2) rather than all prime candidates p and to use the compact primorial
form ¢, P,# for independent probable-prime testing, for instance with OpenPFGW
[9, 10]. This refinement provides an efficient route for extending the numerical range
and for independent checks of the computed output.

5 Graphical Representation of the Computed Data

The numerical data can also be represented graphically. The two figures show two
normalizations of the same data. Figure 1 gives the normalized form of the original
empirical bound, while Figure 2 displays the growth of the minimal primes together
with both the original envelope and a purely descriptive polynomial comparison curve.
In both figures, the red points mark the ten tightest cases, listed in Table 3, with respect
to the original empirical bound.

For each computed index n, let p(n) denote the smallest prime found by the verifica-
tion procedure, and define

L(n) = logp(n) — v/n.

Then the proposed empirical bound

p(n) < exp(\/ﬁ + Co)

is equivalent to
L(n) < c.

Thus Figure 1 gives the most direct visualization of the bound.
Figure 2 displays the comparison in the original scale of p(n), using a logarithmic
vertical axis. Besides the original envelope

B(n) := exp(ﬁ + co>,
it also shows the polynomial comparison curve
P(n) :=0.8n".

This second curve is included only as a descriptive guide for the computed range.
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6 Conclusion

The computation up to n = 1000 produced no counterexample to Conjecture 1, in the
probable-prime sense described in the Appendix. No tighter case for the empirical upper
bound was found beyond the early value n = 35. Thus the constant ¢y = 4.022931736.. . .
appears, in the present data, to be determined mainly by a small number of early
exceptional cases.

The extended range changes the interpretation of the bound. Whereas the average
margin in the original 2013 range 3 < n < 200 is about 3.3501, the average margin in
the full range 3 < n < 1000 is about 10.7723. In particular, the final two blocks in
Table 2 have comparatively large margins. The proposed bound therefore remains valid
in the computed range, but it becomes less sharp as n increases.

A proof of Conjecture 1 appears to be out of reach with current methods. In particular,
standard sieve techniques encounter the parity barrier for problems of twin-prime type

6, 7).
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A Julia Verification Script

For reproducibility, the parallel verification script is included below. A machine-readable
version may also be kept with the computational output as supplementary material.
The script verifies Conjecture 1 computationally for all indices n up to a user-specified
limit. It consists of four components.

First, the helper function is_prime_power determines whether a given integer k is
a prime power, with k£ = 1 treated separately. This is used to generate the sequence
A051451: the function get_A051451 iterates over the positive integers and updates a
running least common multiple whenever a prime power is encountered, appending each
new value to the sequence.

Second, the function search for n performs the search for one fixed index n. It
computes the subexponential search bound limit = exp(y/n + ¢) and searches for the
minimal prime p > 3 such that both (p,p + 2) and (a(n) +p, a(n) +p+ 2) are twin
prime pairs. Candidate primes p are traversed using nextprime, and primality of the
large numbers a(n) + p and a(n) + p + 2 is tested using the Primes. j1 package.

Third, the main function verify_conjecture distributes the independent searches
for different indices n across Julia threads. Since the search times for different n vary
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substantially, the script uses the dynamic thread scheduler when available. It also prints
the number of active Julia threads and warns if fewer than four threads are used. The
script writes the same output both to the terminal and to a text file. If no output file is
specified, a timestamped filename is generated automatically.

For BigInt inputs, Primes. jl uses probabilistic primality testing with default
parameter reps=25.1 Hence the computations should be understood as probable-
prime verifications unless independent primality certificates are supplied [11]. For each
successful match, the script prints the index n, the minimal prime p, the remaining
margin c¢o— (log p—+/n) relative to the proposed bound, and the number of decimal digits
of a(n). No independent primality certificates were generated for the present version. If
no valid p is found within the bound, a warning is displayed. Upon completion, the full
decimal expansion of a(max_n), the largest value in the sequence, is printed together
with its digit count. The output log also records the generation time, the parallel search
time, and the total runtime.

Listing 1: Parallel Julia verification script with logging

verify_conjecture_parallel_with_log.jl

using Primes # install once with: ] add Primes
using Printf
using Dates

# Helper: check whether k is a prime power, with k=1 included

function is_prime_power (k::Int)::Bool
== 1 && return true
return length(factor(k)) == 1
end

!The documented false-positive probability is about 0.25%° = 4725 = 2750 ~ 8.88 - 10716 per
probabilistic primality test. The GMP implementation uses trial division, a Baillie-PSW probable-
prime test, and Miller—Rabin testing according to the parameter reps. This does not constitute a
deterministic primality certificate.
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# Generate the first max_n terms of OEIS A051451.

# ____________________________________________________________________
function get_A051451 (max_n::Int)::Vector{BiglInt}

seq = Vector{BigInt}()

cur = big(1)

number = 1

while length(seq) < max_n
if is_prime_power (number)
cur = lcm(cur, big(number))
push!(seq, cur)
end
number += 1
end
return seq

# Result type: either a found tuple or a sentinel for "not found".

struct Result
found :: Bool
p :: Int
margin :: Float64
digits :: Int

end

function default_output_file(max_n::Int)::String

timestamp = Dates.format(now (), "yyyymmdd HHMMSS")

return "verify_conjecture_parallel n$(max_n)_$(timestamp) .txt"
end

function emit(io::I0, msg="")
println(msg)
println(io, msg)
flush(io)

# Inner search function: one index n, entirely thread-local state.

function search_for_n(n::Int, a_n::BigInt, cO::Float64)::Result
limit = exp(sqrt(mn) + c0)
digits = length(string(a_n))
P 3

while p < limit
if isprime(p + 2)
if isprime(a_n + p) && isprime(a_n + p + 2)
margin = c0 - (log(p) - sqrt(m))
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90

93

94
95
96
97

98

99
100
101
102
103
104
105
106

107

108
109
110
111
112
113
114

115

116

117

return Result (true, p, margin, digits)
end
end
p = nextprime(p + 1)
end

return Result(false, 0, 0.0, digits)

function verify_conjecture(max_n::Int; output_file::Union{Nothing,
Stringl}=nothing)
output_file = isnothing(output_file) ? default_output_file(max_n)
output_£file

open (output_file, "w") do io
total_start = time ()

emit(io, "Verification of the Twin Prime / A051451 Conjecture"
)

emit (io, "Parallelized Julia version')

emit (io, "Output file: $(abspath(output_£file))")

emit (io)

emit(io, "Generating A051451 up to index $max_n ...")

generation_start = time ()

a_vals = get_A051451 (max_n)

generation_time = time() - generation_start

emit (io, @sprintf ("Generated AO0O51451 in 7 .3f seconds.',
generation_time))

emit (io)
c0 = 1log(100) / log(pi)
start_n = 3

nt = Threads.nthreads ()
emit (io, "Using $nt thread(s).")
script_name = isempty (PROGRAM_FILE) 7 "

verify conjecture_parallel with_log.jl" : basename(
PROGRAM_FILE)
if nt < 4

emit (io, "WARNING: The program is running with only $nt
thread(s). Start Julia with: julia -t 4 $script_name
$max _n")

end

emit(io, "Verifying conjecture for n = $start_n ... $max_n")
emit (io)

results = Vector{Result}(undef, max_n)
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139

140

159
160

161

162

163

164
165
166
167
168

169

end

end

search_start = time ()

@static if VERSION >=
Threads .Qthreads

v
:dynamic for n in start_n:max_n

results[n] = search_for_n(n, a_vals[n], cO)
end
else
Threads.@threads for n in start_n:max_n
results[n] = search_for_n(m, a_vals[n], cO)
end
end
search_time = time() - search_start
emit (io, @sprintf (
, search_time))
emit (io)
for n in start_n:max_n
r = results[n]
if r.found
emit (io, @sprintf (
n, r.p, r.margin, r.digits))
else
emit (io,
)
end
end
a_last = a_vals[max_n]
ndigits = length(string(a_last))
emit (io)
emit (dio, ~60)
emit (io, )
emit (io, ~60)
emit (io, string(a_last))
emit (io, ~60)
total_time = time() - total_start
emit (io)
emit (io, @sprintf (
generation_time))
emit (io, @sprintf (
search_time))
emit (io, G@sprintf (
total_time))
emit (io, )
emit (io)
emit (io, )
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170 |[# ———-—"—"— " " m T m T T -
171 |# Entry point: works from terminal and from REPL.
172 |# ——mmmm T T e s e — e — - ——
173 |if length (ARGS) >= 1
174 max_n = tryparse(Int, ARGSI[1])
175 output_file = length(ARGS) >= 2 7 ARGS[2] : nothing
176
177 if isnothing(max_n) || max_n < 3
178 println( )
179 else
180 verify_conjecture(max_n; output_file=output_file)
181 end
182 |else
183 print ( )
184 input = readline ()
185 max_n = tryparse(Int, input)
186 if isnothing(max_n) || max_n < 3
187 println( )
188 else
189 verify_conjecture (max_n)
190 end
191 | end
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